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Abstract
Sufficient conditions for the existence of at least one T -periodic solution of nonlinear functional differ-
ence equation
Δx(n) + a(n)x(n) = f (n,u(n)),
is established when
∏T−1
j=0 (1 − a(j)) = 1. Here
u(n) = (x(n), x(n − τ1(n)), . . . , x(n − τm(n))),
{a(n): n ∈ Z} and {τi(n): n ∈ Z}, i = 1, . . . ,m, are T -periodic sequences with T  1, f (n,u) is continuous
about u for each n ∈ Z and T -periodic about n for each u ∈ Rm+1. We allow f to be at most linear,
superlinear or sublinear in obtained results.
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As usual, let R denote the real numbers set, Z the integers set and R+ the positive numbers
set. Given a < b in Z, let [a, b] = {a, a + 1, . . . , b}, and Z+ = {0,1, . . .}. In this paper, we study
nonlinear functional difference equation
Δx(n) + a(n)x(n) = f (n,x(n), x(n − τ1(n)), . . . , x(n − τm(n))), (1)
where {a(n): n ∈ Z} and {τi(n): n ∈ Z}, i = 1, . . . ,m, are T -periodic sequences with T  1,
f (n,u) is T -periodic about n for each u = (x0, . . . , xm, xm+1) ∈ Rm+2, and is continuous about
u for each n ∈ Z.
The motivation of this paper is mainly as follows:
In papers [1,2] Raffoul investigated the functional difference equation
x(n + 1) = b(n)x(n) + λh(n)f (x(n − τ(n))), (2)
and
x(n + 1) = b(n)x(n) − λh(n)f (x(n − τ(n))), (3)
where b(n), h(n) and τ(n) are nonnegative and with period of T and 1 > b(n) > 0, T is an
integer with T  1. Under the following assumptions:
(B1) f :R+ → R+ is continuous;
(B2) the limits
lim
x→0
f (x)
x
= l, lim
x→+∞
f (x)
x
= L
exist.
Raffoul proved
Theorem R. Suppose 1 > b(n) > 0 for all n ∈ Z. Equation (3) has at least one positive
T -periodic solution if (B1) and (B2) hold, and λ > 0 satisfies
1
ηBL
< λ <
1
Al
or
1
ηBl
< λ <
1
AL
,
where
A = max
0nT−1
T−1∑
u=0
G(n,u)h(u), B = min
0nT−1
T−1∑
u=0
G(n,u)h(u),
and
G(n,u) =
(
n+T−1∏
s=u+1
b(s)
)/(
1 −
n+T −1∏
s=n
b(s)
)
, η =
n+T−1∏
s=n+1
b(s).
In paper [6], Zhang et al. studied the existence of T -periodic solutions of equation
x(n + 1) = μx(n)
[
1 − 1x(n)
]
+ b(n), n ∈ N, (4)
k
Y. Liu / J. Math. Anal. Appl. 327 (2007) 801–815 803where b :N → R is a T -periodic number sequence with T  1 and satisfies
∣∣b(n)∣∣< (μ − 1)2
4μ
k for all n ∈ N.
Recently, Ma and Yu in [7] considered Eq. (2). Suppose
(B3) the function f :R+ → R+ is continuous and there is xn → 0 such that f (xn) > 0 for all
n ∈ Z+;
(B4) the function f :R+ → R+ is continuous and f (y) > 0 for all y > 0.
They proved
Theorem MY1. Suppose 1 > b(n) > 0 for all n ∈ Z. Suppose 1 > b(n) > 0 for all n ∈ Z. If
(B3) holds, l = L = +∞ and
0 < λ < λ∗ = 1
A
sup
r>0
r
max0yr f (y)
,
then Eq. (2) has at least two positive T -periodic solutions.
Theorem MY2. Suppose 1 > b(n) > 0 for all n ∈ Z. If (B4) holds, l = L = 0 and
λ > λ∗∗ = 1
B
inf
r>0
r
minσryr f (y)
,
then Eq. (2) has at least two positive T -periodic solutions.
In all above mentioned results, conditions
b(n) > 0, b(n) < 1 for all n ∈ Z, (∗)
and f is nonnegative are supposed. Assumption (∗) guarantees that equation
x(n + 1) = b(n)x(n), n ∈ Z, (∗∗)
has only trivial solution x(n) ≡ 0, and at this case, we can transform (2) into
x(n) = λ
n+T−1∑
s=n
G(n, s)f
(
x
(
s − τ(s))), n ∈ Z, (∗∗∗)
so that fixed point theorems in cones of Banach spaces can be used. We find that the solvability
of (2) or (3) is not solved when (∗) is not valid.
The asymptotic behavior of solutions of delay difference equations were studied in paper [4]
and the text book [3]. The existence of positive periodic solutions of difference equations was
also studied in [5].
The purposes of this paper are to establish sufficient conditions for the existence of at least
one T -periodic solutions of Eq. (1).
We suppose
(A1) a :Z → R is T -periodic with a(n) = 1, and ∏n+T −1j=n a(s) ≡ constant = 1 for all n ∈ Z;
(A2) f :Z × Rm+1 → R, f (n, x0, . . . , xm+1) is continuous about u = (x0, . . . , xm+1) and
T -periodic about n;
(A3) τi :Z → Z, i = 1, . . . ,m, are T -periodic.
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examples to illustrate the main results will be presented.
2. Main results
To get existence results for T -periodic solutions of Eq. (1), we need the following fixed point
theorems.
Let X and Y be Banach spaces, L : DomL ⊂ X → Y be a Fredholm operator of index zero,
P :X → X, Q :Y → Y be projectors such that
ImP = KerL, KerQ = ImL, X = KerL ⊕ KerP, Y = ImL ⊕ ImQ.
It follows that
L|DomL∩KerP : DomL ∩ KerP → ImL
is invertible, we denote the inverse of that map by Kp .
If Ω is an open bounded subset of X, DomL ∩ Ω = ∅, the map N :X → Y will be called
L-compact on Ω if QN(Ω) is bounded and Kp(I − Q)N :Ω → X is compact.
Theorem GM. [8] Let X and Y be Banach spaces. Suppose L :D(L) ⊂ X → Y is a Fredholm
operator of index zero with KerL = {0}, N :X → Y is L-compact on any open bounded subset
of X. If 0 ∈ Ω ⊂ X is a open bounded subset and
Lx = λNx for all x ∈ D(L) ∩ ∂Ω and λ ∈ [0,1],
then there is at least one x ∈ Ω so that Lx = Nx.
Let X = {x(n): x(n + T ) = x(n) for all n ∈ Z} be endowed with the norm ‖x‖ =
maxn∈[0,T −1] |x(n)|. It is easy to see that X is a Banach space.
Set
L : DomL ∩ X → X, L • x(n) = Δx(n) + a(n)x(n),
and
N :X → X, N • x(n) = f (n,x(n), x(n − τ1(n)), . . . , x(n − τm(n))),
for all x ∈ X and n ∈ N . It is easy to see that L is a bounded linear operator and KerL = {0}
when
∏T−1
n=0 (1−a(n)) = 1. So L is a Fredholm mapping of index zero. It follows from (A2) that
N is L-compact on Ω with any open bounded set Ω ⊂ X.
Now, our goal is to find an appropriate open, bounded subset Ω ⊂ X for using Theorem GM.
Corresponding to the operator equation L • x = λN • x, λ ∈ (0,1), we have
Δx(n) + a(n)x(n) = λf (n,x(n), x(n − τ1(n)), . . . , x(n − τm(n))). (5)
Theorem 2.1. Suppose that (A1), (A2), (A3) hold and that there are periodic sequences p(n),
pi(n) (i = 1, . . . ,m) and r(n), increasing functions ψ , ψi (i = 1, . . . ,m) such that
∣∣f (n, x0, . . . , xm)∣∣ p(n)|x0| + m∑pi(n)|xi | + r(n), n ∈ N, (x0, . . . , xm) ∈ Rm+1
i=1
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lim
x→+∞ inf
x −
∏T −1
j=0 a+(j)‖r‖
|1−∏T−1j=0 (1−a(j))|
‖p‖ψ(x)+∑mi=1 ‖pi‖ψi(x) >
∏T−1
j=0 a+(j)
|1 −∏T−1j=0 (1 − a(j))| ,
where a+(n) = max{|1 − a(n)|,1}.
Then Eq. (1) has at least one T -periodic solution.
Proof. From the assumption of theorem, we know that there is a constant M > 0 such that
x −
∏T −1
j=0 a+(j)‖r‖
|1−∏T−1j=0 (1−a(j))|
‖p‖ψ(x) +∑mi=1 ‖pi‖ψi(x) >
∏T−1
j=0 a+(j)
|1 −∏T−1j=0 (1 − a(j))| , x M. (6)
It is easy to change L • x = λN • x to the equivalent form
x(n) = λ
n+T−2∑
s=n
G(n, s)f
(
s, u(s)
)
+ λ 1
1 −∏T−1j=0 (1 − a(s))f
(
n − 1, u(n − 1)), n ∈ Z, (7)
where
G(n, s) =
∏n+T−1
j=s+1 (1 − a(s))
1 −∏T−1j=0 (1 − a(j)) , s ∈ [n,n + T − 2],
and
u(n) = (x(n), x(n − τ1(n)), . . . , x(n − τm(n))).
Hence
∣∣x(n)∣∣ n+T −2∑
s=n
∣∣G(n, s)∣∣∣∣f (s, u(s))∣∣+ 1|1 −∏T −1j=0 (1 − a(s))|
∣∣f (n − 1, u(n − 1))∣∣

∏T−1
j=0 a+(j)
|1 −∏T−1j=0 (1 − a(j))|
(
p(s)ψ
(
x(s)
)+ m∑
i=1
pi(s)ψi
(
x
(
s − τi(s)
))+ r(s)
)

∏T−1
j=0 a+(j)
|1 −∏T−1j=0 (1 − a(j))|
(
‖p‖ψ(‖x‖)+ m∑
i=1
‖pi‖ψi
(‖x‖)+ ‖r‖
)
.
It follows that
‖x‖
∏T−1
j=0 a+(j)
|1 −∏T−1j=0 (1 − a(j))|
(
‖p‖ψ(‖x‖)+ m∑
i=1
‖pi‖ψi
(‖x‖)+ ‖r‖
)
.
We get
‖x‖ −
∏T−1
j=0 a+(j)
|1−∏T −1j=0 (1−a(j))| ‖r‖
‖p‖ψ(‖x‖)+∑mi=1 ‖pi‖ψi(‖x‖) 
∏T−1
j=0 a+(j)
|1 −∏T−1(1 − a(j))| .j=0
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is an open bounded subset of X and
Lx = λNx for all x ∈ DomL ∩ ∂Ω and λ ∈ [0,1].
Then, from Theorem 2.1, there is at least one x ∈ Ω such that Lx = Nx. x is a periodic solution
of Eq. (1). 
Theorem 2.2. Suppose that (A1), (A2), (A3) hold and that there is numbers β > 0, θ > 1, non-
negative sequences p(n), pi(n), r(n) (i =0, . . . ,m), functions g(n, x0, . . . , xm), h(n, x0, . . . , xm)
such that
f (n, x0, . . . , xm) = g(n, x0, . . . , xm) + h(n, x0, . . . , xm)
and
g(n, x0, x1, . . . , xm)
n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1x0  β|x0|θ+1,
and ∣∣∣∣∣h(n, x0, . . . , xm)
n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1
∣∣∣∣∣
m∑
s=0
pi(n)|xi |μ + r(n)
for all n ∈ {1, . . . , T }, (x0, x1, . . . , xm) ∈ Rm+1. Then Eq. (1) has at least one T -periodic solution
if
‖p0‖ + T
m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
< β.
Proof. Let y(n) =∏n−1s=0 (1 − a(s))−1x(n) for n = 1, . . . , T . It is clear that L • x = λN • x can
be changed to
Δy(n) = λf (n,x(n), x(n − τ1(n)), . . . , x(n − τm(n))) n∏
s=0
(
1 − a(s))−1.
So [
Δy(n)
]
y(n) = λf (n,x(n), x(n − τ1(n)), . . . , x(n − τm(n)))
×
n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1x(n).
Since
2
T∑
n=1
[
Δy(n)
]
y(n)
= 2
T∑[
y(n + 1)y(n) − y(n)2]
n=1
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T∑
i=1
[
y(i + 1) − y(i)]2 − y(1)2
= −[x(1)]2(1 − a(0))−2
(
1 −
T∏
s=1
(
1 − a(s))−2
)
−
T∑
i=1
[
y(i + 1) − y(i)]2
 0,
we get
T∑
n=1
(
f
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
)) n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1x(n)
)
 0.
It follows that
β
T∑
n=1
∣∣x(n)∣∣θ+1  T∑
n=1
g
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
))
×
n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1x(n)
−
T∑
n=1
h
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
))
×
n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1x(n)

T∑
n=1
∣∣∣∣∣h(n,x(n), x(n − τ1(n)), . . . , x(n − τm(n)))
×
n∏
s=0
(
1 − a(s))−1 n−1∏
s=0
(
1 − a(s))−1
∣∣∣∣∣∣∣x(n)∣∣

T∑
n=1
p0(n)
∣∣x(n)∣∣θ+1 + m∑
i=1
T∑
n=1
pi(n)
∣∣x(n − τi(n))∣∣θ ∣∣x(n)∣∣
+
T∑
n=1
r(n)
∣∣x(n)∣∣
 ‖p0‖
T∑
n=1
∣∣x(n)∣∣θ+1 + m∑
i=1
T∑
n=1
pi(n)
∣∣x(n − τi(n))∣∣θ ∣∣x(n)∣∣
+
T∑
r(n)
∣∣x(n)∣∣.n=1
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s∑
i=1
xiyi 
(
s∑
i=1
x
p
i
)1/p( s∑
i=1
y
q
i
)1/q
, 1/p + 1/q = 1, q > 0, p > 0.
Hence it follows that
β
T∑
n=1
∣∣x(n)∣∣θ+1  ‖p0‖ T∑
n=1
∣∣x(n)∣∣θ+1
+
m∑
i=1
[
T∑
n=1
(
pi(n)
∣∣x(n − τi(n))∣∣θ ) θ+1θ
] θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
+
(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
 ‖p0‖
T∑
n=1
∣∣x(n)∣∣θ+1 + m∑
i=1
[(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ
×
(
T∑
n=1
∣∣x(n − τi(n))∣∣θ+1
)] θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
+
(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
= ‖p0‖
T∑
n=1
∣∣x(n)∣∣θ+1 + m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
×
(
T∑
n=1
∣∣x(n − τi(n))∣∣θ+1
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
+
(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
= ‖p0‖
T∑
n=1
∣∣x(n)∣∣θ+1 + m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
×
( ∑
u∈{n−τi (n): n=1,...,T }
∣∣x(u)∣∣θ+1
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
+
(
T∑[
r(n)
] θ+1
θ
) θ
θ+1( T∑∣∣x(n)∣∣θ+1
) 1
θ+1n=1 n=1
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T∑
n=1
∣∣x(n)∣∣θ+1 + T m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
×
(
T∑
u=1
∣∣x(u)∣∣θ+1
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
+
(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
= ‖p0‖
T∑
n=1
∣∣x(n)∣∣θ+1 + T m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
×
(
T∑
u=1
∣∣x(u)∣∣θ+1
)
+
(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
.
We get(
β − ‖p0‖ − T
m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1) T∑
u=1
∣∣x(u)∣∣θ+1

(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
.
It follows that there is M > 0 such that
∑T
u=1 |x(u)|θ+1 M . Hence there n0 ∈ {1, . . . , T } such
that |x(n0)| (M/T )1/(θ+1).
Now, for n ∈ {1, . . . , n0 − 1}, we get
[
y(n0)
]2 − n0−1∑
s=n
[
y(s + 1) − y(s)]2 − [y(n)]2
= 2
n0−1∑
s=n
(
Δy(n)
)
y(n)
= 2λ
n0−1∑
s=n
f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
×
s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s).
It follows that
[
y(n)
]2 = [y(n0)]2 − n0−1∑
s=n
[
y(s + 1) − y(s)]2
− 2λ
n0−1∑
f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
s=n
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s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s)
 (M/T )
1
θ+1 − 2λ
n0−1∑
s=n
f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
×
s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s)
 (M/T )
1
θ+1 − 2λ
n0−1∑
s=n
g
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
×
s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s)
− 2λ
n0−1∑
s=n
h
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
×
s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s)
 (M/T )
1
θ+1 − 2λβ
n0−1∑
s=n
∣∣x(s)∣∣θ+1
− 2λ
n0−1∑
s=n
h
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
×
s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s)
 (M/T )
1
θ+1 + 2
T∑
n=1
p0(n)
∣∣x(n)∣∣θ+1 + 2 m∑
i=1
T∑
n=1
pi(n)
∣∣x(n − τi(n))∣∣θ ∣∣x(n)∣∣
+ 2
T∑
n=1
r(n)
∣∣x(n)∣∣.
Similar to above discussion, we get
(
n−1∏
s=0
(
1 − a(s))−1
)2[
x(n)
]2
= [y(n)]2
 (M/T )
1
θ+1 + 2‖p0‖
T∑∣∣x(n)∣∣θ+1 + 2T m∑
(
T∑[
pi(n)
] θ+1
θ−1
) θ−1
θ+1( T∑∣∣x(u)∣∣θ+1
)
n=1 i=1 n=1 u=1
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(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1( T∑
n=1
∣∣x(n)∣∣θ+1
) 1
θ+1
 (M/T )
1
θ+1 + 2‖p0‖M + 2T
m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
M
+ 2
(
T∑
n=1
[
r(n)
] θ+1
θ
) θ
θ+1
M
1
θ+1 .
Hence we get there is M1 > 0 such that |x(n)|  M1 for all n ∈ {1, . . . , n0 − 1}. So we get
|x(T + 1)| = |x(1)|M1. Now, we get
[
y(T + 1)]2 − T∑
s=n
[
y(s + 1) − y(s)]2 − [y(n)]2
= 2
T∑
s=n
(
Δy(n)
)
y(n)
= 2λ
T∑
s=n
f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
×
s∏
j=0
(
1 − a(j))−1 s−1∏
j=0
(
1 − a(j))−1x(s).
Similar to above discussion, we can get that there is M2 > 0 such that |x(n)| M2 for all n ∈
{n0 + 1, . . . , T }.
It follows from above discussion that |x(n)|  max{M1,M2, (M/T )1/(θ+1)} =: M3 for all
n ∈ {1, . . . , T }. Let Ω = {x ∈ DomL∩X: ‖x‖ < M3}. It is easy to see that Ω is an open bounded
subset of X and
Lx = λNx for all x ∈ DomL ∩ ∂Ω and λ ∈ [0,1].
Then, from Theorem 2.1, there is at least one x ∈ Ω such that Lx = Nx. x is a periodic solution
of Eq. (1). 
Theorem 2.3. Suppose that (A1), (A2), (A3) hold and that a(n)  0 for all n ∈ N , and
there is numbers β > 0, θ > 1, nonnegative sequences p(n), pi(n), r(n) (i = 0, . . . ,m),
functions g(n, x0, . . . , xm), h(n, x0, . . . , xm) such that f (n, x0, . . . , xm) = g(n, x0, . . . , xm) +
h(n, x0, . . . , xm) and
g(n, x0, x1, . . . , xm)x0  β|x0|θ+1,
and
∣∣h(n, x0, . . . , xm)∣∣ m∑pi(n)|xi |μ + r(n)
s=0
812 Y. Liu / J. Math. Anal. Appl. 327 (2007) 801–815for all n ∈ {1, . . . , T }, (x0, x1, . . . , xm) ∈ Rm+1. Then Eq. (1) has at least one T -periodic solution
if
‖p0‖ + T
m∑
i=1
(
T∑
n=1
[
pi(n)
] θ+1
θ−1
) θ−1
θ+1
< β.
Proof. It is easy to change L • x = λN • x to
x(n)Δx(n) + a(n)x(n)2 = λx(n)f (n,x(n), x(n − τ1(n)), . . . , x(n − τm(n))). (8)
It follows that
T∑
n=1
x(n)Δx(n) +
T∑
n=1
a(n)x(n)2 = λ
T∑
n=1
x(n)f
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
))
.
Since
T∑
n=1
x(n)Δx(n) +
T∑
n=1
a(n)x(n)2
= [y(T + 1)]2 − T∑
n=1
[
y(n + 1) − y(n)]2 − [y(1)]2 + T∑
n=1
a(n)x(n)2  0,
we get
T∑
n=1
x(n)f
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
))
 0.
Thus
β
T∑
n=1
∣∣x(n)∣∣θ+1

T∑
n=1
x(n)g
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
))
−
T∑
n=1
x(n)h
(
n,x(n), x
(
n − τ1(n)
)
, . . . , x
(
n − τm(n)
))

T∑
n=1
p0(n)
∣∣x(n)∣∣θ+1 + m∑
i=1
T∑
n=1
pi(n)
∣∣x(n − τi(n))∣∣θ ∣∣x(n)∣∣+ T∑
n=1
r(n)
∣∣x(n)∣∣.
Similar to that of the proof of Theorem 2.2, we get that there is M > 0 such that there is
n0 ∈ [1, T ] such that |x(n0)| (M/T )1/(θ+1).
Now, for n ∈ [1, . . . , n0 − 1], we get
n0−1∑
s=n
x(s)Δx(s) +
n0−1∑
s=n
a(s)
[
x(s)
]2
= λ
n0−1∑
x(s)f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))
.s=n
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2
n0−1∑
s=n
x(s)Δx(s) = [x(n0)]2 − n0−1∑
s=n
[
x(s + 1) − x(s)]2 − [x(n)]2,
we get
[
x(n)
]2 = 2λn0−1∑
s=n
x(s)f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))+ [x(n0)]2
−
n0−1∑
s=n
[
x(s + 1) − x(s)]2
 2λ
n0−1∑
s=n
x(s)f
(
s, x(s), x
(
s − τ1(s)
)
, . . . , x
(
s − τm(s)
))+ (M/T ) 1θ+1
 (M/T )
1
θ+1 + 2
(
T∑
n=1
p0(n)
∣∣x(n)∣∣θ+1 + m∑
i=1
T∑
n=1
pi(n)
∣∣x(n − τi(n))∣∣θ ∣∣x(n)∣∣
+
T∑
n=1
r(n)
∣∣x(n)∣∣
)
.
The remainder of the proof is just similar to that of the proof of Theorem 2.2 and is omit-
ted. 
3. Examples
In this section, we present some examples to illustrate the main results in Section 3.
Example 3.1. Consider the following equation:
x(n + 1) =
(
1 + (−1)
n
4
)
x(n) + p(n)[x(n)]α0 + m∑
i=1
pi(n)
[
x
(
n − τi(n)
)]αi
+ r(n), n ∈ Z, (9)
where p(n), pi(n), r(n), τi(n) (i = 1, . . . ,m) are 2T -periodic sequences, αi > 0 (i = 0, . . . ,m).
Corresponding to (1), we find a(n) = − (−1)n4 , and
f (n, x0, . . . , xm) = p(n)xα00 +
m∑
i=1
pi(n)x
αi
i + r(n).
Let ψ(x) = xα0 , ψi(x) = xαi for i = 1, . . . ,m. It is easy to see that
2T−1∏
n=0
(
1 − a(n))= (15
16
)T
= 1,
∏2T −1
j=0 a+(j)
|1 −∏2T −1j=0 (1 − a(j))| =
20T
16T − 15T ,
and
lim
x→+∞
x
‖p‖ψ(x)+∑m ‖p ‖ψ (x) > 20
T
16T − 15Ti=1 i i
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x(n + 1) =
(
1 + (−1)
n
4
)
x(n) + p(n)x(n) +
m∑
i=1
pi(n)x
(
n − τi(n)
)+ r(n), n ∈ Z
has at least one 2-periodic solution for each r(n) if
‖p‖ +
m∑
i=1
‖pi‖ < 16
T − 15T
20T
.
Equation (8) has at least one 2T -periodic solution for each r(n) if αi ∈ (0,1) for all i = 0, . . . ,m.
Example 3.2. Consider the following equation:
Δx(n) −
(
1 + (−1)
n
4
)
x(n)
= β[x(n)]2k+1 + m∑
i=1
pi(n)
[
x
(
n − τi(n)
)]2k+1 + r(n), n ∈ Z, (10)
where k is a positive integer, β > 0, pi(n), r(n) are 2T -periodic sequences. Corresponding
to the assumptions of Theorem 2.3, we set g(n, x0, . . . , xm) = β[x0]2k+1, h(, x0, . . . , xm) =∑m
i=1 pi(n)[xi]2k+1 + r(n) with θ = 2k + 1. It follows from Theorem 2.3 that (10) has at least
one 2T -periodic solution if ‖p0‖ + T ∑mi=1(∑Tn=1[pi(n)] 2k+22k ) 2k2k+2 < β.
Example 3.3. Consider the following equation:
Δx(n) +
(
3 + (−1)
n
4
)
x(n)
=
(
β
[
x(n)
]2k+1 + m∑
i=1
pi(n)
[
x
(
n − τi(n)
)]2k+1 + r(n)
)
×
n∏
s=0
(
−2 − (−1)
s
4
) n−1∏
s=0
(
−2 − (−1)
s
4
)
, n ∈ Z,
where k is a positive integer, β > 0, pi(n), r(n) are 2T -periodic sequences. It is easy to see that
2T∏
n=1
(
1 − a(n))= 2T∏
n=1
(
−2 − (−1)
n
4
)
> 1.
Corresponding to the assumptions of Theorem 2.2, we set
g(n, x0, . . . , xm) = β[x0]2k+1
n∏
s=0
(
−2 − (−1)
s
4
) n−1∏
s=0
(
−2 − (−1)
s
4
)
,
and
h(n, x0, . . . , xm) =
(
m∑
i=1
pi(n)[xi]2k+1 + r(n)
)
n∏
s=0
(
−2 − (−1)
s
4
) n−1∏
s=0
(
−2 − (−1)
s
4
)
with θ = 2k + 1. It follows from Theorem 2.2 that above equation has at least one 2T -periodic
solution if ‖p0‖ + T ∑mi=1(∑Tn=1[pi(n)] 2k+22k ) 2k2k+2 < β.
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